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Abstract
We write in superspace the lagrangian containing the fourth power of the
Weyl tensor in the ”old minimal” d = 4, N = 2 supergravity, without local
SO(2) symmetry. Using gauge completion, we analyze the lagrangian in
components. We find out that the auxiliary fields which belong to the Weyl
and compensating vector multiplets have derivative terms and therefore
cannot be eliminated on-shell. Only the auxiliary fields which belong to
the compensating nonlinear multiplet do not get derivatives and could still
be eliminated; we check that this is possible in the leading terms of the
lagrangian. We compare this result to the similar one of ”old minimal”
N = 1 supergravity and we comment on possible generalizations to other
versions of N = 1, 2 supergravity.
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1 Introduction
The supersymmetrization of the fourth power of the Riemann tensor has been an
active topic of research. In four dimensions, a term like this would be the leading
bosonic contribution to a possible three-loop supergravity counterterm [1]. In type I
supergravity in ten dimensions, an R4 term is necessary to cancel gravitational anoma-
lies [2, 3]. R4 terms also show up in the low energy field theory effective action of both
type II and heterotic string theories, as was shown in [4, 5, 6].
In previous papers [7, 8] we have worked out the N = 1 supersymmetrization of
R4 in four dimensions. We have shown that, in the ”old minimal” formulation with
this term, the auxiliary fields M,N could still be eliminated, but Am could not (it got
derivative couplings in the lagrangian that led to a dynamical field equation).
The goal of this article is to extend this supersymmetrization toN = 2 supergravity,
which also admits off-shell formulations, and compare the result to the N = 1 one.
We start by briefly reviewing how one can obtain the ”old minimal” (without local
SO(2)) N = 2 Poincare´ supergravity from the conformal theory by coupling to com-
pensating vector and nonlinear multiplets. We then write, in superspace, using the
known chiral projector and chiral density, a lagrangian that contains the fourth power
of the Weyl tensor. We start expanding this action in components and we quickly
conclude that some of these auxiliary fields get derivatives and cannot be eliminated.
For the other auxiliary fields, we make a more detailed analysis and we show that their
derivative terms cancel and, therefore, it should still be possible to eliminate them. We
analyze, for which multiplet (Weyl, compensating vector and compensating nonlinear)
which auxiliary fields can and which cannot be eliminated. We proceed analogously
in the N = 1 case, using the previous known results. We compare the two cases and
discuss what can be generalized to other versions of both these theories.
In appendix B we give a survey of curved SU(2) superspace, namely its field content
and the solution of the Bianchi identities.
2 N = 2 supergravity in superspace
2.1 N = 2 conformal supergravity in superspace
Conformal supergravity theories were found for N ≤ 4 in four dimensions. These
theories have a local internal U(N ) symmetry which acts on the supersymmetry gene-
rators QaA and S
a
A, with a = 1, · · · ,N ; they can be formulated off-shell in conventional
extended superspace, with structure group SO(1,3)×U(N ), where their actions, writ-
ten as chiral superspace integrals, are known at the full nonlinear level. The first
discussion of the conformal properties of extended superspace was given in [9]; other
later references are the seminal paper [10] and the very nice review [11]. Here we
summarize the main results we need.
In superspace, the main objects are the supervielbein EMΠ and the superconnection
Ω PΛN (which can be decomposed in its Lorentz and U(N ) parts), in terms of which
we write the torsions T PMN and curvatures R
PQ
MN . Their arbitrary variations are given
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by
H NM = E
Λ
M δE
N
Λ (2.1)
Φ PMN = E
Λ
M δΩ
P
ΛN (2.2)
Symmetries that are manifest in superspace are general supercoordinate transforma-
tions (which include x-space diffeomorphisms and local supersymmetry), with para-
meters ξΛ, and tangent space (structure group) transformations, with parameters ΛMN .
One can solve forH NM and Φ
P
MN in terms of these parameters, torsions and curvatures
as
H NM = ξ
PT NPM +∇MξN + Λ NM (2.3)
Φ PMN = ξ
QR PQMN −∇MΛ PN (2.4)
but this does not fix all the degrees of freedom of H NM [10, 11]. Namely, H = −14H mm
remains an unconstrained superfield and parametrizes the super-Weyl transformations,
which include the dilatations and the special supersymmetry transformations.
N = 1, 2 Poincare´ supergravities can be obtained from the corresponding conformal
theories by consistent couplings to compensating multiplets that break superconformal
invariance and local U(N ). There are different possible choices of compensating multi-
plets, leading to different formulations of the Poincare´ theory. Because of its relevance
to this paper, we will briefly review the N = 2 case, which was first studied in [9].
The N = 2 Weyl multiplet has 24+24 degrees of freedom. Its field content is given
by the graviton emµ , the gravitinos ψ
Aa
µ , the U(2) connection Φ˜
ab
µ , an antisymmetric
tensor Wmn which we decompose asWAA˙BB˙ = 2εA˙B˙WAB+2εABWA˙B˙, a spinor Λ
a
A and,
as auxiliary field, a dimension 2 scalar I. In superspace, a gauge choice can be made
(in the supercoordinate transformation) such that the graviton and the gravitinos are
related to θ = 0 components of the supervielbein (symbolically E NΠ
∣∣∣):
E NΠ
∣∣∣ =


e mµ
1
2
ψ Aaµ
1
2
ψ A˙aµ
0 −δ AB δ ab 0
0 0 −δ A˙
B˙
δ ab

 (2.5)
In the same way, we gauge the fermionic part of the Lorentz superconnection at order
θ = 0 to zero and we can set its bosonic part equal to the usual spin connection:
Ω nµm
∣∣∣ = ω nµm (x)
Ω nAam | , Ω nA˙am
∣∣∣ = 0 (2.6)
The U(2) superconnection Φ˜abΠ is such that
Φ˜abµ
∣∣∣ = Φ˜abµ (2.7)
The other fields are the θ = 0 component of some superfield, which we write in the
same way.
The chiral superfield WAB is the basic object of N = 2 conformal supergravity, in
terms of which its action is written. Other theories with different N have its analogous
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superfield (e.g. WABC in N = 1), but with different spinor and (S)U(N ) indices. A
common feature to these superfields is having the antiself-dual part of the Weyl tensor
WABCD := −18W+µνρσσµνABσρσCD in their θ expansion.
In U(2) N = 2 superspace there is an off-shell solution to the Bianchi identities.
The torsions and curvatures can be expressed in terms of superfields WAB, YAB, U
ab
AA˙
,
Xab, their complex conjugates and their covariant derivatives. Of these four superfields,
only WAB transforms covariantly under super-Weyl transformations [10]:
δWAB = HWAB (2.8)
The other three superfields transform non-covariantly; they describe all the non-Weyl
covariant degrees of freedom in H , and can be gauged away by a convenient (Wess-
Zumino) gauge choice.
δYAB = HYAB − 1
4
[∇aA,∇Ba]H (2.9)
δXab = HXab +
1
4
[
∇A˙a ,∇A˙b
]
H (2.10)
δUab
AA˙
= HUab
AA˙
− 1
2
[
∇aA,∇bA˙
]
H (2.11)
Another nice feature of N = 2 superspace is that there exists a chiral density ǫ and an
antichiral projector, given by [11]
∇Aa∇bA
(
∇Ba∇Bb + 16Xab
)
−∇Aa∇Ba
(
∇bA∇Bb − 16iYAB
)
(2.12)
When one acts with this projector on any scalar superfield, one gets an antichiral
superfield (with the exception of WAB, only scalar chiral superfields exist in curved
N = 2 superspace). It is then possible to write chiral actions [12].
2.2 Degauging U(1)
The first step for obtaining the Poincare´ theory is to couple to the conformal theory
an abelian vector multiplet (with central charge), described by a vector Aµ, a complex
scalar, a Lorentz-scalar SU(2) triplet and a spinorial SU(2) dublet. The vector Aµ
is the gauge field of central charge transformations; it corresponds, in superspace, to
a 1-form AΠ with a U(1) gauge invariance (the central charge transformation). This
1-form does not belong to the superspace geometry.
Using the U(1) gauge invariance we can set the gauge
AΠ| = (Aµ, 0) (2.13)
The field strength FΠΣ is a two-form satisfying its own Bianchi identities ∇[ΓFΠΣ} = 0.
Here we split the U(2) superconnection Φ˜abΠ into a SU(2) superconnection Φ
ab
Π and a
U(1) superconnection ϕΠ; only the later acts on AΠ:
Φ˜abΠ = Φ
ab
Π −
1
2
εabϕΠ (2.14)
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One has to impose covariant constraints on its components (like in the torsions), in
order to construct invariant actions:
F abAB = 2
√
2εABε
abF (2.15)
F ab
AB˙
= 0 (2.16)
By solving the FΠΣ Bianchi identities with these constraints, we conclude that they
define an off-shell N = 2 vector multiplet, given by the θ = 0 components of the
superfields
Aµ, F, F
a
A =
i
2
F A˙a
AA˙
, F ab =
1
2
(
−∇Bb F aB + FXab + FXab
)
(2.17)
F ab | is an auxiliary field; F aa = 0 if the multiplet is abelian (as it has to be in this
context). F is a Weyl covariant chiral superfield, with nonzero U(1) and Weyl weigths.
A superconformal chiral lagrangian for the vector multiplet is given by
L =
∫
ǫF 2d4θ + h.c. (2.18)
In order to get a Poincare´ theory, we must break the superconformal and local abelian
(from the U(1) subgroup of U(2) - not the gauge invariance of Aµ) invariances. For
that, we set the Poincare´ gauge
F = F = 1 (2.19)
As a consequence, from the Bianchi and Ricci identities we get
ϕaA = 0 (2.20)
FAa = 0 (2.21)
Furthermore, Uab
AA˙
is an SU(2) singlet, to be identified with the bosonic U(1) connection
(now an auxiliary field):
Uab
AA˙
= εabUAA˙ = ε
abϕAA˙ (2.22)
Other consequences are
FAA˙BB˙ =
√
2i [εAB (WA˙B˙ + YA˙B˙) + εA˙B˙ (WAB + YAB)] (2.23)
F ab = X
a
b (2.24)
Xab = X
ab (2.25)
(2.23) shows that Wmn is now related to the vector field strength Fmn. Ymn emerges
as an auxiliary field, like Xab (from (2.24)). We have, therefore, the minimal field
representation of N = 2 Poincare´ supergravity, with a local SU(2) gauge symmetry
and 32+32 off-shell degrees of freedom:
emµ , ψ
Aa
µ , Aµ,Φ
ab
µ , Ymn, Um,Λ
a
A, Xab, I (2.26)
Although the algebra closes with this multiplet, it does not admit a consistent la-
grangian because of the higher-dimensional scalar I [14].
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2.3 Degauging SU(2)
The second step is to break the remaining local SU(2) invariance. This symmetry
can be partially broken (at most, to local SO(2)) through coupling to a compensating
so-called ”improved tensor multiplet” [15, 16], or broken completely. In this work,
we take the later possibility. There are still two different versions of off-shell N = 2
supergravity without SO(2) symmetry, each with different physical degrees of freedom.
In both cases we start by imposing a constraint on the SU(2) parameter Lab which
restricts it to a compensating nonlinear multiplet [17] 1:
∇aALbc = 0 (2.27)
From the transformation law of the SU(2) connection
δΦabM = −∇MLab (2.28)
we can get the required condition for Lab by imposing the following constraint on the
fermionic connection:
ΦabcA = 2ε
abρ
c
A (2.29)
This constraint requires introducing a new fermionic superfield ρaA. We also introduce
its fermionic derivatives P (a complex scalar) andHm (see appendix B.1). The previous
SU(2) connection Φabµ is now an unconstrained auxiliary field. The divergence of the
vector field Hm is constrained, though, at the linearized level by the condition ∇mHm =
1
3
R − 1
12
I. The full nonlinear constraint is
I = 4R− 6∇AA˙HAA˙ − 24XabXab − 12WABYAB − 12W A˙B˙YA˙B˙
+ 3PP +
3
2
HAA˙HAA˙ − 12ΦAA˙ab ΦabAA˙ − 12UAA˙UAA˙ + 16iρaAΛAa
− 16iρa
A˙
ΛA˙a − 48ρAaW BaAB + 48ρA˙aW B˙aA˙B˙ + 48iρAa ρBaWAB
+ 48iρA˙a ρ
B˙aWA˙B˙ + 48ρ
AaρA˙aUAA˙ − 48iρAa∇AA˙ρA˙a
+ 48iρA˙a∇AA˙ρAa + 96iρAaΦabAA˙ρA˙b (2.30)
which is equivalent to saying that I, now defined by (B.9), is no longer an independent
field. This constraint implies that only the longitudinal part of Hm belongs to the non-
linear multiplet; its divergence lies in the original Weyl multiplet. From the structure
equation
R abMN = E
Λ
M E
Π
N
{
∂ΛΩ
ab
Π + Ω
ac
Λ Ω
b
Πc − (−)ΛΠ (Λ↔ Π)
}
(2.31)
and the constraint/definition (2.29), we can derive off-shell relations for the (still SU(2)
covariant) derivatives of ρaA, which we collect in appendix B.2.
Altogether, these component fields form then the ”old minimal” N = 2 40+40
multiplet [18]:
emµ , ψ
Aa
µ , Aµ,Φ
ab
µ , Ymn, Um,Λ
a
A, Xab, Hm, P, ρ
a
A (2.32)
This is the formulation of N = 2 supergravity we are working with. The other pos-
sibility (also with SU(2) completely broken) is to further restrict the compensating
1Actually, condition (2.27) restricts Lab to a tensor multiplet, which is the linearization of the
nonlinear multiplet. This is enough for our analysis.
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non-linear multiplet to an on-shell scalar multiplet [19]. This reduction generates a
minimal 32+32 multiplet (not to be confused with (2.26)) with new physical degrees
of freedom. We will not pursue this version of N = 2 supergravity in this work.
2.4 N = 2 Poincare´ supergravity in superspace
The final lagrangian of ”old minimal” N = 2 supergravity is given by 2 [17, 20]
κ2LSG = −1
2
eR− 1
4
eεµνρλ
(
ψ a
µA˙
σAA˙ν ψρλAa + ψ
a
µAσ
AA˙
ν ψρλA˙a
)
− 1
4
eFµνF
µν
− 1
4
√
2
e
(
ψAaµ ψνAa + ψ
A˙a
µ ψνA˙a
)
F µν − i
4
√
2
eεµνρλ
(
ψAaµ ψνAa − ψA˙aµ ψνA˙a
)
Fρλ
− i
16
eεµνρλ
(
ψAaµ ψνAa − ψA˙aµ ψνA˙a
) (
ψBbρ ψλBb + ψ
B˙b
ρ ψλB˙b
)
− 1
4
eYµνY
µν − 1
2
eXabXab + eU
2 − 1
8
ePP − 1
8
eH2 + eΦµabΦ
ab
µ +
2
3
ieρAaΛAa
− 2
3
ieρA˙aΛA˙a − 4eρAaW BABa + 4eρA˙aW B˙A˙B˙a + 2ieρAaρBaWAB + 2ieρA˙aρB˙aWA˙B˙
− iePρAaρAa − iePρA˙aρA˙a − 2eρAaρA˙a UAA˙
+ 2ieρAaσµ
AA˙
DµρA˙a − 2ieρA˙aσµAA˙DµρAa + ie
(
ρAaσ
µ
AA˙
ψA˙bµ + ρ
A˙aσ
µ
AA˙
ψAbµ
)
Xab
+ eρAaσµ
AA˙
ψµB˙aY
A˙B˙ + eρA˙aσµ
AA˙
ψµBaY
AB + ieρAaσµ
AA˙
ψµBaU
BA˙
+ ieρA˙aσµ
AA˙
ψµB˙aU
AB˙ +
1
4
eρAaσ
µ
AA˙
ψ A˙µaP +
1
4
eρA˙aσ
µ
AA˙
ψ AµaP
−
(
ρAaψ bµA − ρA˙aψ bµA˙
) (
ρBb σ
µν
BCψ
C
νa − ρB˙b σµνB˙C˙ψC˙νa
)
− ρA˙a σAB˙µ ψµB˙bΦabAA˙
+ ρAa σ
BA˙
µ ψ
µ
BbΦ
ab
AA˙
− 1
4
eρAaσBA˙µ ψ
µ
BaHAA˙ +
1
4
eρA˙aσAB˙µ ψ
µ
B˙a
HAA˙ (2.33)
The final solutions to the Bianchi identities in SU(2) N = 2 superspace are listed in
appendix B. We present both the expressions for the torsions and curvatures and the
off-shell differential relations among the superfields (appendix B.2). As first noticed in
[9], these solutions only depend on WAB (a physical field at θ = 0), ρ
a
A (an auxiliary
field at θ = 0), their complex conjugates and their covariant derivatives. Here we
present for completeness the full expansion of the (anti)chiral density ǫ [20]:
ǫ = e− ieθA˙a σµAA˙ψAaµ
+
e
2
θA˙a θ
B˙
b
[
16
3
εA˙B˙X
ab +
8
3
iεabYA˙B˙ + σ
µ
AA˙
ψAaµ σ
ν
BB˙
ψBbν − σµAA˙ψAaν σνBB˙ψBbµ
]
− e
6
θA˙a θ
B˙
b θ
C˙
c
[
16
3
iεA˙B˙ε
acΛb
C˙
+ 4εA˙B˙ε
acσ
µ
CC˙
ψbµBY
BC
− iεA˙B˙εacσµCC˙σBCρλ ψ bµB
(√
2F ρλ + ψρEeψλEe + ψ
ρE˙eψλ
E˙e
)
+ 2σµ
AA˙
ψAaµ
(
7iεB˙C˙X
bc − 5εbcYB˙C˙
)
+ iσµ
AA˙
ψAaµ σ
ν
BB˙
ψBbν σ
λ
CC˙
ψCcλ
− 3iσµ
AA˙
ψAaµ σ
ν
BB˙
ψBbλ σ
λ
CC˙
ψCcν + 2iσ
µ
AA˙
ψAaν σ
ν
BB˙
ψBbλ σ
λ
CC˙
ψCcµ
]
2Dµ is just the usual Lorentz covariant derivative (not U(2) covariant).
6
− 2
3
θA˙a θ
B˙
b θ
b
A˙
θa
B˙
[
∂µ
(
−ieUµ + e
2
Hµ + 2eρAa σ
µν
ABψ
Ba
ν − 2eρA˙a σµνA˙B˙ψB˙aν
)
+
e
8
εµνρλ
(
iFµνFρλ − ψ aµAσAA˙ν ψρλA˙a + ψ aµA˙σAA˙ν ψρλAa
− iψAaµ ψνAaψA˙bρ ψλA˙b
)
+ κ2LSG
]
(2.34)
This allows us to write, up to total derivatives,
LSG = − 3
4κ2
∫
ǫd4θ + h.c. (2.35)
3 The supersymmetric R4 lagrangian
Our goal in this article is to supersymmetrize the fourth power of the Weyl tensor.
(There are indeed, in four dimensions, thirteen independent scalar fourth-degree poly-
nomials of the Riemann tensor, but we are only interested in a particular one. See [7]
for a complete discussion.) As mentioned before, WAB contains in its θ expansion the
antiself-dual part of the Weyl tensor (see (B.17)).
3.1 The lagrangian in superspace
Analogously to [7], we write the supersymmetric R4 lagrangian in superspace, using
the chiral projector and the chiral density, as a (quantum) correction to the pure
supergravity lagrangian:
L =
∫
ǫ
[
− 3
4κ2
+ ακ4
(
∇Aa∇bA
(
∇Ba∇Bb + 16Xab
)
− ∇Aa∇Ba
(
∇bA∇Bb − 16iYAB
))
W 2W
2
]
d4θ + h.c.
= LSG + LR4 (3.1)
α is a (numerical) constant (we use a different definition from [7, 8]). Up to that
(unknown) numerical factor, this can be seen as a three-loop N = 2 supergravity
effective action or, equivalently, as a four dimensional N = 2 string/M-theory effective
action resulting from a compactification and truncation from ten/eleven dimensions.
After the superspace integration, (3.1) comes, in terms of components, as
LR4 = ακ4
∫
ǫφd4θ + h.c.
= ακ4
(
ǫ(0)φ(4) +
1
36
ǫ(1)Bbφ
(3)aA
B bAa +
1
48
ǫ
(2)bAa
A φ
(2)B
aBb
− 1
48
ǫ
(2) a
BaA φ
(2)AbB
b +
1
36
φ(1)Bbǫ
(3)aA
B bAa + ǫ
(4)φ(0)
)
+ h.c. (3.2)
where we have defined the chiral superfield
φ =
(
∇A˙a∇b
A˙
(
∇B˙a∇B˙b + 16Xab
)
−∇A˙a∇B˙a
(
∇b
A˙
∇B˙b − 16iYA˙B˙
))
W 2W
2
(3.3)
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and
φ(0) = φ|
φ(1)Aa = ∇Aaφ
∣∣∣
φ
(2)
AaBb =
1
2
[∇Aa,∇Bb]φ|
φ
(3)
AaBbCc =
1
6
(∇Aa [∇Bb,∇Cc] +∇Bb [∇Cc,∇Aa] +∇Cc [∇Aa,∇Bb]) φ|
φ(4) =
1
288
∇Aa∇Bb [∇Ab,∇Ba]φ
∣∣∣ (3.4)
As one can see from the component expansions in appendix B, the term ǫ(0)φ(4) + h.c.
clearly contains the fourth power of the Weyl tensor, more precisely (using the notation
of [7]) eW2+W2−.
3.2 The lagrangian in components
We now proceed with the calculation of the components of φ and analysis of its
field content. For that, we use the differential constraints from the solution to the
Bianchi identities and the commutation relations listed in appendix B to compute the
components in (3.4). The process is straightforward but lengthy.
We start by expanding φ as
φ = W 2∇A˙a∇b
A˙
∇B˙a∇B˙bW 2 −W 2∇A˙a∇B˙a∇bA˙∇B˙bW
2
− 32iW 2W 2∇A˙aΛA˙a + 32iW 2ΛA˙a∇A˙aW 2
− 64iW 2
(
∇A˙aX ba
)
W B˙C˙WB˙C˙A˙b − 64iW 2X ba
(
∇A˙aW B˙C˙
)
WB˙C˙A˙b
− 64iW 2X ba W B˙C˙∇A˙aWB˙C˙A˙b −
64
3
W 2
(
∇A˙aXab
)
WA˙B˙Λ
B˙b
− 64
3
W 2Xab
(
∇A˙aWA˙B˙
)
ΛB˙b − 64
3
W 2XabWA˙B˙∇A˙aΛB˙b
− 64W 2
(
∇a
A˙
Y A˙B˙
)
W C˙D˙WC˙D˙B˙a − 64W 2Y A˙B˙
(
∇a
A˙
W C˙D˙
)
WC˙D˙B˙a
− 64W 2Y A˙B˙W C˙D˙∇a
A˙
WC˙D˙B˙a +
64
3
iW 2
(
∇A˙aYA˙B˙
)
W B˙C˙ΛC˙a
+
64
3
iW 2YA˙B˙
(
∇A˙aW B˙C˙
)
ΛC˙a +
64
3
iW 2YA˙B˙W
B˙C˙∇A˙aΛC˙a (3.5)
All the terms in (3.5) can be immediately computed by using the differential relations in
appendix B.2, except for the first two, which require a substantial amount of derivatives
to compute.
In order to compute ∇A˙aW 2, we use the known relation for ∇A˙aWC˙D˙:
∇A˙aW 2 = 2W C˙D˙∇A˙aWC˙D˙ = 4iW C˙D˙WC˙D˙A˙a −
4
3
WA˙B˙Λ
B˙
a (3.6)
With this result, we can compute
∇B˙b∇A˙aW 2 = 4i
(
∇B˙bW C˙D˙
)
WC˙D˙A˙a + 4iW
C˙D˙∇B˙bWC˙D˙A˙a
− 4
3
(∇B˙bWA˙C˙) ΛC˙a −
4
3
WA˙C˙∇B˙bΛC˙a (3.7)
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The field content implicit in these relations may be seen from the differential relations
in appendix B.2.
From (3.7), we can proceed computing:
∇C˙c∇B˙b∇A˙aW 2 = 4i
(
∇C˙c∇B˙bW D˙E˙
)
WD˙E˙A˙a − 4i
(
∇B˙bW D˙E˙
)
∇C˙cWD˙E˙A˙a
+ 4i
(
∇C˙cW D˙E˙
)
∇B˙bWD˙E˙A˙a + 4iW D˙E˙∇C˙c∇B˙bWD˙E˙A˙a
− 4
3
(∇C˙c∇B˙bWA˙D˙) ΛD˙a −
4
3
(∇C˙cWA˙C˙)∇B˙bΛC˙a
− 4
3
(∇C˙cWA˙D˙)∇B˙bΛD˙a −
4
3
WA˙D˙∇C˙c∇B˙bΛD˙a (3.8)
We got some second spinorial derivatives of superfields, as expected, which we can
compute by differentiating some of the relations in appendix B.2. We list the results
in appendix C.1.
From (3.8), we finally get
∇D˙d∇C˙c∇B˙b∇A˙aW 2 = −
4
3
(∇D˙d∇C˙c∇B˙bWA˙E˙) ΛE˙a −
4
3
(∇C˙c∇B˙bWA˙E˙)∇D˙dΛE˙a
+
4
3
(∇D˙d∇B˙bWA˙E˙)∇C˙cΛE˙a −
4
3
(∇B˙bWA˙E˙)∇D˙d∇C˙cΛE˙a
−4
3
(∇D˙d∇C˙cWA˙E˙)∇B˙bΛE˙a +
4
3
(∇C˙cWA˙E˙)∇D˙d∇B˙bΛE˙a
−4
3
(∇D˙dWA˙E˙)∇C˙c∇B˙bΛE˙a −
4
3
WA˙E˙∇D˙d∇C˙c∇B˙bΛE˙a
+4i
(
∇D˙d∇C˙c∇B˙bW E˙F˙
)
WE˙F˙ A˙a + 4i
(
∇C˙c∇B˙bW E˙F˙
)
∇D˙dWE˙F˙ A˙a
−4i
(
∇D˙d∇B˙bW E˙F˙
)
∇C˙cWE˙F˙ A˙a + 4i
(
∇B˙bW E˙F˙
)
∇D˙d∇C˙cWE˙F˙ A˙a
+4i
(
∇D˙d∇C˙cW E˙F˙
)
∇B˙bWE˙F˙ A˙a − 4i
(
∇C˙cW E˙F˙
)
∇D˙d∇B˙bWE˙F˙ A˙a
+4i
(
∇D˙dW E˙F˙
)
∇C˙c∇B˙bWE˙F˙ A˙a + 4iW E˙F˙∇D˙d∇C˙c∇B˙bWE˙F˙ A˙a(3.9)
As expected, we get some third spinorial derivatives of superfields, which we can com-
pute by differentiating some of the relations from the previous section and in appendix
B.2. We list the results in appendix C.2.
When a spinor derivative acts on a vector derivative of a superfield, first we commute
the two derivatives with the help of the torsions and curvatures listed in the appendix
B. Then we use the gauge choices (2.5), (2.6) and (2.7) to write
∇µ| = ∇µ (3.10)
∇µ is a Lorentz and SU(2) covariant derivative. For an arbitrary superfield G we have
then
∇mG| = e µm∇µ G| −
1
2
ψAam ∇AaG| −
1
2
ψA˙am ∇A˙aG| (3.11)
The equations we have been obtaining allow us to determine the field content of φ|, by
replacing the equations with fewer spinorial derivatives (starting from the differential
relations in appendix B.2) in the ones with more spinorial derivatives, and by suitable
index contraction and derivative commutation.
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This same relations (more precisely, their complex conjugates) will also be useful
for calculating the higher θ components of φ. Other differential relations will be ne-
cessary: the series of spinorial derivatives will act on φ|, which after the full component
expansion contains much more fields (not only WAB). These fields will also be acted
on by four spinorial derivatives, which we have not computed (and, as we will see next
section, we don’t need to). The computations are straightforward, like the one we did
for W
2
. Rather than performing them, we prefer to deduce some of their properties,
using the results we have.
4 The field equations for the auxiliary fields
Having seen how to obtain the supersymmetric R4 lagrangian in components, we
are now in a position to analyze the auxiliary field sector. Our main goal is to figure
out which auxiliary fields, with this R4 correction, do not get spacetime derivatives in
the action (i.e. have an algebraic field equation and can be eliminated on-shell), and
which do get. We start by the N = 2 case, the lagrangian of which we have been
determining. Then we summarize the N = 1 case, which we analyzed in previous
works, and we compare the two cases.
4.1 The N = 2 case
We start by recalling that, in pure supergravity, both in N = 1 and in N = 2, the
auxiliary fields are equal to 0 on-shell [20].
Just by looking at the differential relations in appendix B.2, it is immediate to
conclude that, if a ∇B˙bWC˙D˙A˙a term shows up in the lagrangian, one gets derivatives of
Φab
AB˙
and of Um. This term shows up already in ∇B˙b∇A˙aW 2 (which shows up, by itself,
in higher θ components of φ). Dotted spinor derivatives of Φab
AB˙
and Um will introduce
the physical superfieldsWC˙D˙,WC˙D˙A˙a, YC˙D˙Aa and the auxiliary superfields YC˙D˙, Xab,ΛAa
(but not ΛA˙a). It also introduces a derivative of the superfield ρA˙a. These superfields
get then one derivative - ρA˙a actually gets two - in the term ∇C˙c∇B˙b∇A˙aW 2.
Just by inspection, we expect these auxiliary fields to have derivatives. To actually
compute the coefficient of their derivative terms is a hard task - basically it would
be equivalent to computing all the terms in the lagrangian, which would require an
enormous amount of algebra. Fortunately, it is possible to compute their leading
derivative terms using a simple trick.
In the previous section we obtained an expression for φ| in terms of spinorial deriva-
tives of superfields. To compute higher θ terms, we act on φ with undotted spinor
derivatives. From (3.5) we see that these derivatives either act on W 2, WA˙B˙C˙c, Xab,
ΛC˙c, YA˙B˙ or their spinor derivatives - giving rise to the equations we got in computing
φ|, but complex-conjugated -, or they act on four dotted spinorial derivatives of W 2.
Each undotted derivative can be anticommuted with a dotted one (giving rise to a
vector derivative and curvature terms), until it finally acts in W
2
- resulting 0. The
torsion and curvature terms we get in this process, after all undotted derivatives are
taken, include other superfields like UAA˙, YABC˙c, the spinor derivatives of which we
know from computing φ|. Therefore, the higher θ terms of φ are either products of
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terms we already know from φ|, or overall vector derivatives. Since the higher θ terms
are multiplied, in the action (3.2), by a corresponding term of the chiral density, we
can integrate by parts the derivatives in the higher θ terms and have them acting in
the chiral density! Therefore, all the lower θ4−n terms in the chiral density are acted in
the action by n vector derivatives. Looking at the chiral density in (2.34), we conclude
that Xab and Ymn have terms with at least two derivative in the action, and ΛAa has
terms with at least one derivative in the action. These terms cannot be eliminated by
integration by parts.
Furthermore, Um and Φ
ab
m also get derivatives in the action. The reason is the
following: the vector derivatives we get come from superspace and, therefore, are (or
can be made) Lorentz and U(2) covariant. 3 The physical theory should be only Lorentz
invariant; the U(1) and SU(2) connections should be seen respectively as the Um and
Φabm auxiliary fields. Therefore, terms with n vector (Lorentz and U(2) covariant)
derivatives give rise to n− 1 vector Lorentz covariant derivatives of Um and Φabm .
Derivatives of P and Hm superfields still have not appeared up to now. By our
previous arguments, if these derivatives do not appear in φ|, they do not appear at
all, since these superfields do not appear in the chiral density except in the highest θ
term. Therefore, all that is left to do is check that φ| has no derivatives of ρaA, P , their
hermitean conjugates and Hm.
4.1.1 Derivatives of P and Hm in ∇B˙b∇A˙aW 2 and ∇C˙c∇B˙b∇A˙aW 2
The P and Hm superfields only appear in ∇B˙b∇A˙aW 2 through I, which belongs to
the original Weyl multiplet and is given by (2.30), and its derivatives 4. Recall that I
itself has a divergence ∇BB˙HBB˙ and derivatives ∇BB˙ρA˙a; it shows up already in the
expansion of ∇B˙b∇A˙aW 2 in (3.7), through ∇B˙bΛB˙b. These derivatives already show up
at this early stage, and will keep showing up as the calculation goes. We anticipate that
we will be interested only in derivatives of fields coming from the nonlinear multiplet.
Therefore, from now on when we refer to ”derivatives of Hm” we are excluding its
divergence.
As we keep going and compute ∇C˙c∇B˙b∇A˙aW 2, we see that the derivatives in which
we are interested come only from the ∇C˙cI term; all the other terms in (3.8), which
we computed in terms of known expressions in appendix C.1, contribute at most with
∇BB˙HBB˙ terms.
The complete expansion for ∇C˙cI is given by (C.4) in appendix C.1. For each term
in this equation, we compute in appendix D.1 its content in terms of the derivatives
of interest. Now, here a surprise happens: after all the contributions have been ana-
lyzed, we conclude that they all precisely cancel in such a way that ∇C˙cI contains no
3In this paper, they are just SU(2) covariant, by our choice. The choice of tangent group in
superspace is a matter of convenience. We could have kept the U(2) covariance, and the argument in
the text would be valid directly, but we broke this covariance to SU(2). We get them extra Um terms
- Um was the U(1) connection -, which would be reabsorbed in the derivatives, if the U(2) covariance
had been kept.
4We will be only looking for derivatives of P because, although this superfield is chiral, it is
generated (and acquires derivatives) through ∇B˙bρA˙a and ∇B˙bHAA˙. Its complex conjugate, P , does
not get derivatives in φ, but gets them in φ.
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derivatives of P or of Hm (with the exception of ∇BB˙HBB˙, as before). This result is
easily obtained from (C.4) and the expressions from appendix D.1. This shows that
derivatives of P and Hm do not come up to ∇C˙c∇B˙b∇A˙aW 2.
4.1.2 Derivatives of P and Hm in ∇D˙d∇C˙c∇B˙b∇A˙aW 2
An even bigger surprise is that these derivatives also cancel in those terms from
∇D˙d∇C˙c∇B˙b∇A˙aW 2 in which we will be interested. The procedure we took to fully
check these cancellations was analogous to the previous case: we expanded each term in
(3.9) in terms of known expressions in appendix C.2. For those terms which had deriva-
tives of interest, we computed their derivative content in appendix D.2. We summed
all the possible contributions for each term in (3.9) and we list them next. During the
partial calculations we see lots of independent terms appearing from different sources,
but at the end we found several remarkable cancellations of those terms. The most
remarkable one happens in ∇D˙d∇C˙cI, which is part of the term with ∇D˙d∇C˙c∇B˙bΛA˙a
in (3.9). As it can be seen from the expansion of ∇D˙d∇C˙cI in equation (C.14), in order
to get the derivative content of this term we need contributions from every expression
in appendix D. It turns out, though, after a lot of algebra, that all the contributions
precisely cancel in such a way that ∇D˙d∇C˙cI has absolutely no derivatives of P or Hm
besides ∇BB˙HBB˙, exactly like ∇C˙cI in the previous section. All these results can be
checked using the equations in appendices C and D. After performing all the calcu-
lations, the final result is then the following: the only nonvanishing contributions to
interesting derivative terms in (3.9) come from
∇D˙d∇C˙c∇B˙bWE˙F˙ A˙a =
1
4
εB˙A˙εD˙C˙εdcXab∇AE˙HAF˙ +
1
4
εB˙A˙εD˙C˙εdcΦ
A
E˙ab
∇AF˙P + · · · (4.1)
These terms actually do not vanish in ∇D˙d∇C˙c∇B˙b∇A˙aW 2, but they do vanish in
φ. This is because, as it may be seen from (3.5), φ only contains the combina-
tions ∇A˙a∇b
A˙
∇B˙a∇B˙bW 2 and ∇A˙a∇B˙a∇bA˙∇B˙bW
2
. In the first combination, we need
∇D˙d ∇D˙c∇B˙cW dE˙F˙ B˙ , while in the second we need ∇D˙c∇C˙c ∇bD˙WE˙F˙ C˙b. Both these com-
binations have no derivatives of interest, as one sees from (4.1).
The other terms from (3.5) do not have any interesting derivatives, as it may be
easily seen from the equations in appendix B.2. We thus have shown that in φ| there
are not any derivatives of P or Hm, apart from the divergence of this last field.
4.1.3 Higher θ terms of φ
We have shown that φ| contains no derivatives of P or the transversal part of Hm.
For that purpose, we needed to compute spinor derivatives of all the superfields of ”old
minimal” N = 2 supergravity. As one can see from the results of appendix D, not
all spinor derivatives of superfields originate the vector derivatives we were looking at;
only the spinor derivatives of the ”dangerous” superfields ρa
A˙
, P , Hm and Φ
ab
m originate
such derivatives.
In order to compute the higher θ terms of φ, we act on (3.5) with undotted spinor
derivatives and follow the procedure described in the beginning of this section. We will
find only terms that we have already computed but, most important, we will only find
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spinor derivatives of the ”safe” superfieldsWAB,WA˙B˙C˙c, Xab, ΛC˙c, YA˙B˙, UAA˙, YABC˙c, or
of their spinor derivatives, but not of any of the ”dangerous” ones. These superfields
are ”safe” even in the sense that they are ”closed” with respect to differentiation:
spinor derivatives of ”safe” superfields only originate ”safe” superfields.
This way, we conclude there are no derivatives of P or the transversal part of Hm
in the N = 2 supersymmetrization of the fourth power of the Weyl tensor.
4.1.4 The behavior of ρaA
Our results indicate that in N = 2 ”old minimal” supergravity with the R4 correc-
tion, the bosonic auxiliary fields from the compensating nonlinear multiplet do not get
derivatives and can still be eliminated. Auxiliary fields from the Weyl (Ymn, ΛAa, Um,
Φabm) and vector (Xab) multiplets get derivatives and cannot be eliminated.
The only unclear result is the behavior of the fundamental (in terms of which all the
others are defined) auxiliary field ρaA. Derivatives of ρ
a
A (and of its hermitian conjugate)
are not generated by the process of integration by parts we mentioned, but they are
constantly being generated in the computation of φ| already from its beginning. This
is because these derivatives exist already in the simple differential relations of appendix
B.2 and in the definition (2.30) of I. This is why we have not fully calculated these
derivatives, as we did with the other superfields: that would require computing a big
number of terms and, for each term, a huge number of different contributions. This is
probably because ρaA belongs to a nonlinear multiplet. It would seem a miracle that all
these derivative terms would cancel, but we have not shown that they do not cancel and
we cannot rule it out! We can at least provide arguments supporting the hypothesis
of cancellation. And there are at least two good ones. The first argument is that it
seems strange (although it is not impossible) to have a field (ρaA) with a dynamical field
equation while having two fields obtained from its spinorial derivatives (P and Hm -
see appendix B.1) without such an equation. The second argument is that ρaA, like P
and Hm, are intrinsic to the ”old minimal” version of N = 2 supergravity; they all
come, as we saw, from the same multiplet. The physical theory does not depend on
these auxiliary fields and, therefore, it seems natural that they can be eliminated from
the classical theory and its quantum corrections. We checked that P and (transversal)
Hm can be eliminated; the same should be expected for ρ
a
A. If that was the case
that the derivatives of ρaA would cancel, its field equation would be some function
of the ”dynamical” auxiliary fields and their derivatives, such that when replaced in
their definitions in appendix B.1, it would result in differential (i.e. dynamical) field
equations for these fields.
4.2 The N = 1 case
The fields of N = 1 conformal supergravity multiplet are the graviton emµ , the
gravitino ψAµ and a U(1) gauge field Aµ. (The dilation gauge field Bµ can be gauged
away.) Just with these fields, the superconformal algebra closes off-shell. Each one of
these is a gauge field; the corresponding gauge invariances must be considered when
counting the number of degrees of freedom. In particular, Aµ has 4-1=3 degrees of
freedom [21, 22].
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To obtain the ”old minimal” formulation of N = 1 Poincare´ supergravity [23,
24], we take the superconformally invariant action of a chiral multiplet. In order to
break the superconformal and local U(1) invariances, one must impose some constraint
which restricts the parameters of their transformation rules to the chiral multiplet. In
superspace this is achieved by imposing the following nonconformal torsion constraint
[25]:
T mAm = 0 (4.2)
This constraint implies the known off-shell constraints and differential relations
between the N = 1 supergravity superfields R,Gm,WABC :
∇AR = 0 (4.3)
∇AGAB˙ =
1
24
∇B˙R (4.4)
∇AWABC = i
(
∇BA˙G A˙C +∇CA˙G A˙B
)
(4.5)
which imply the relation
∇2R−∇2R = 96i∇nGn (4.6)
The (anti)chirality condition on R,R implies their θ = 0 components (resp. the
auxiliary fields M − iN,M + iN) lie in antichiral/chiral multiplets; (4.4) shows the
spin-1/2 parts of the gravitino lie on the same multiplets and, according to (4.6), so
does ∂µAµ (because Gm| = Am).5
In previous works, we have considered a similar problem to the one in the present
paper: supersymmetrizing the fourth power of the Weyl tensor, W2+W2−, in the ”old
minimal” formulation of N = 1 supergravity [8]. When we took the superspace action
which included this term, we obtained algebraic field equations for R,R. According
to (4.6), ∇nGn also obbeys an algebraic equation. The auxiliary fields that belong to
the compensating multiplet can thus still be eliminated. This is not the case for the
auxiliary fields which come from the Weyl multiplet (Am), as we obtained, in the same
work, a differential field equation for Gm.
4.3 Possible generalizations
It would be interesting to figure out how the results we got can be generalized.
Both N = 1 and N = 2 supergravities admit other minimal formulations, with diffe-
rent choices of compensating multiplets and different sets of auxiliary fields. In ”new
minimal” N = 1 [26], the chiral compensating multiplet is replaced by a compensa-
ting tensor multiplet that still breaks conformal invariance but leaves the local U(1)
invariance unbroken. In the ”new minimal” N = 2 [15], one still has the compensating
vector multiplet that breaks conformal and local U(1) invariances, but the nonlinear
multiplet is replaced by an ”improved tensor” compensating multiplet that breaks local
SU(2) to local SO(2).
The obvious observation is that both in N = 1 and N = 2 the auxiliary fields from
the tensor multiplets do not get derivatives in the supersymmetric R4 action, while
the auxiliary fields from the Weyl (and vector in N = 2) multiplets do get. This way
5The remaining scalar off-shell degree of freedom is the trace of the metric.
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we notice that, in the cases we analyzed, the auxiliary fields that can be eliminated
come from multiplets which, on-shell, have no physical fields; while the auxiliary fields
that get derivatives come from multiplets with physical fiels on-shell (the graviton, the
gravitino(s) and, in N = 2, the vector). Our general conjecture for R4 supergravity,
which is fully confirmed in the ”old minimal” N = 1 case, can now be stated: the
auxiliary fields which come from multiplets with on-shell physical fields cannot be
eliminated, but the ones that come from compensating multiplets that, on shell, have
no physical fields, can.
This analysis should also be extended to nonminimal versions of these theories.
These nonminimal versions would have fermionic auxiliary fields (also in N = 1). This
should be part of another project, and we leave more definite results to another work.
Maybe by understanding the behavior of these fermionic auxiliary fields (and the ones
in ”new minimal” N = 2) we could fully understand what in this paper we have just
conjectured: the behavior of the auxiliary field ρaA in ”old minimal”N = 2 supergravity.
Possibly the computations would get easier in other versions of the N = 2 theory; the
fact that they were difficult in the ”old minimal” formulation, particularly the ones
concerning ρaA, is probably simply due to the presence of the nonlinear multiplet.
A generalization of these results to N = 3, 4 Poincare´ supergravity theories, which
can also be seen as broken superconformal theories, is more difficult. This is because
these theories do not have an off-shell formulation in conventional superspace. A
formulation like this could still be possible, but either in harmonic superspace or with
multiplets with central charge.
5 Conclusions
We wrote down an action containing an R4 correction to ”old minimal” N = 2
supergravity. We analyzed its auxiliary field sector, and we concluded that the auxiliary
fields belonging to the Weyl and compensating vector multiplets acquire derivatives
with these correction and cannot be eliminated on-shell. We checked that all the
terms with derivatives for the bosonic auxiliary fields from the compensating nonlinear
multiplets cancel; we argued that the same should be true for the fermionic auxiliary
field from this multiplet, although we have not performed the full calculation in order
to reach a definitive conclusion.
In ”old minimal” N = 1 supergravity a similar result is valid: the auxiliary field
from the Weyl multiplet cannot be eliminated on-shell with the R4 correction, while
the ones from the chiral compensating multiplet can. We then conjectured that analo-
gous results about the Weyl and compensating multiplets should be valid for the other
versions of N = 1, 2 supergravity. In general, we conjecture that auxiliary fields which
come from multiplets with on-shell physical fields cannot be eliminated, but those ones
that come from compensating multiplets without any on shell physical fields can be
eliminated. These results should help to clarify the structure of the supersymmetric
R4 actions in more complicated and less understood theories, either with more super-
symmetries (in d = 4) or in higher dimensions.
The direct supersymmetrization of higher order terms in 10 and 11 dimensions
has been an active topic of research, although lots of questions remain open. Some
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superinvariants associated with the R4 term have been studied [27, 28, 29, 30, 31,
32, 33], but complete supersymmetric effective actions including all the leading order
corrections to supergravity are still lacking. In M-theory, because of the absence of
a microscopical formulation, the construction of superinvariants would be even more
important. Hopefully the results we have been getting in four dimensions will provide
some insight for the higher dimensional theories!
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A N = 2 SU(2) superspace conventions
We work with standard SU(2) N = 2 superspace. We define
VM = (Vm, VAa, VB˙b) (A.1)
A, B˙ are spinor indices, the algebra of which being exactly the same as the N = 1
case, which is fully explained in [7, 8]. a is an internal SU(2) index, which is raised
and lowered with an SU(2)-invariant εab tensor, just like the spinor indices: T a =
εabTb, Ta = T
bεba. We take ε12 = 1. The basic rule of our conventions (different from
other conventions in the literature) is that we use the northwest rule in every index
(spinor or SU(2)) contraction. The complex conjugation rules are
V aA = −VA˙a, V Aa = V A˙a , VAa = V aA˙ , V Aa = −V A˙a, εab = εab, χAaψBb = −χAa ψBb (A.2)
All other conventions regarding spacetime metrics, the Riemann tensor, Pauli matrices,
superspace torsions and curvatures are the same as in [7, 8].
B Solution to the Bianchi identities in N = 2 SU(2)
superspace
In conformal supergravity, all torsions and curvatures can be expressed in terms of
the basic superfieldsWAB, YAB, UAA˙, Xab, their complex conjugates and their covariant
derivatives. After breaking of superconformal invariance and local U(2), the basic
superfields in the Poincare´ theory become the physical field WAB and the auxiliary
field ρaA. All torsions and curvatures can be expressed in terms of these superfields,
their complex conjugates and their covariant derivatives. In sections B.1 and B.2 we
present the definitions of these superfields, and then we list the torsions and curvatures.
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B.1 Definitions
ρaA| is an auxiliary field; WAB|, at the linearized level, is related to the field strength
of the physical vector field Aµ. From (2.23), the complete expression is
WAB| = − i
2
√
2
σmnABFmn − YAB −
i
4
σmnAB
(
ψCcm ψnCc + ψ
C˙c
m ψnC˙c
)
(B.1)
Now we present the definitions of the superfields of ”old minimal” N = 2 supergravity
in terms of WAB and ρ
a
A. The hermitian conjugates can be easily obtained from the
basic rules in (A.2), which are valid for ∇aA and ρaA, and the definition
WA˙B˙ = WAB.
Xab =
1
2
(
∇A˙a − 2ρA˙a
)
ρ
b
A˙
=
1
2
(
∇Aa − 2ρAa
)
ρ
b
A (B.2)
YAB = − i
2
(
∇aA + 2ρaA
)
ρBa (B.3)
UAA˙ =
1
4
(
∇aAρA˙a +∇aA˙ρAa + 4ρaAρA˙a
)
(B.4)
Φab
AA˙
=
i
2
(
∇aAρbA˙ −∇
a
A˙
ρ
b
A − 4ρaAρbA˙
)
(B.5)
P = i∇A˙aρA˙a (B.6)
HAA˙ = −i∇aAρA˙a + i∇aA˙ρAa (B.7)
ΛAa = −i∇Ab Xab (B.8)
I = i∇A˙aΛA˙a − i∇AaΛAa (B.9)
WBCAa =
i
2
∇AaWBC − i
6
(εABΛCa + εACΛBa) (B.10)
YBCA˙a = −
i
2
∇A˙aYBC (B.11)
WABCD =
(
i
4
∇bA∇Bb − 2YAB
)
WCD (B.12)
WA˙B˙C˙D˙ =
(
i
4
∇b
A˙
∇B˙b − 2YA˙B˙
)
WC˙D˙
PABC˙D˙ =
i
8
∇bA∇BbYC˙D˙ +
i
8
∇b
C˙
∇D˙bYAB − YABYC˙D˙ −WABWC˙D˙
− UAC˙UBD˙ (B.13)
R =
i
4
(
∇A˙a∇B˙aWA˙B˙ +∇Aa∇BaWAB + i∇A˙a∇bA˙Xab + i∇Aa∇bAXab
)
− 2
(
WABYAB +W
A˙B˙YA˙B˙
)
− 6XabXab + 6U2 (B.14)
Xab
∣∣∣ , YAB| , Um| , ΦabAA˙
∣∣∣ , P | , HAA˙| are auxiliary fields; I is a dependent field. WABCD
is symmetric in all its indices, but WABCc and YABC˙c are only symmetric in A,B. In
the linearized approximation, WABCc| and YABC˙c| are the gravitino curls and WABCD|,
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PABC˙D˙|, R| are the antiself-dual Weyl tensor, the traceless Ricci tensor and the Ricci
scalar, respectively:
WABCc| = −1
4
ψABCc + · · · (B.15)
YA˙B˙Cc| = −
1
8
ψA˙B˙Cc + · · · (B.16)
WABCD| = −1
8
W+µνρσσµνABσρσCD + · · · (B.17)
PCDA˙B˙| =
1
2
σ
µ
CA˙
σν
DB˙
(
Rµν − 1
4
gµνR
)
+ · · · (B.18)
R| = −R+ · · · (B.19)
B.2 Off-shell differential relations
These off-shell differential relations among superfields are direct consequences of
the Bianchi identities and the definitions in B.1.
∇aAρbB =
i
4
εABε
abP − εABXab − iεabYAB + 2ρbAρaB (B.20)
∇aAρbB˙ = −
i
4
εabHAB˙ − εabUAB˙ − iΦabAB˙ + 2ρbAρaB˙ (B.21)
∇C˙cWAB = 0,∇CcWA˙B˙ = 0 (B.22)
∇AaWBC = −2iWBCAa + 1
3
(εABΛCa + εACΛBa) (B.23)
∇AaXbc = i
3
(εabΛAc + εacΛAb) (B.24)
∇AaYBC = −1
3
(εABΛCa + εACΛBa) (B.25)
∇A˙aYBC = 2iYBCA˙a (B.26)
∇AaUBB˙ = YABB˙a + εABW A˙B˙A˙a +
2
3
iεABΛB˙a (B.27)
∇a
A˙
P = 0,∇aAP = 0 (B.28)
∇aAP = −8iW BaAB −
4
3
ΛaA − 8ρBaWAB + 2PρaA + 2ρA˙aHAA˙
− 4iρA˙aUAA˙ − 8∇AA˙ρA˙a − 8ΦabAA˙ρA˙b (B.29)
∇aAHBB˙ = 8iεABW A˙aA˙B˙ +
4
3
εABΛ
a
B˙
− 4εABρA˙aWA˙B˙ − 4iεABρB˙bXba
− 2εABPρaB˙ − 2εABρCaHCB˙ + 4ρaB˙YAB + 2iρaAUBB˙
− 8ρAbΦabBB˙ + 8ρBbΦabAB˙ − 4∇BB˙ρaA + 8∇AB˙ρaB (B.30)
∇aAΦbcBB˙ = 2iεABεabW A˙cB˙A˙ +
2
3
εABε
abΛ
c
B˙
− 2εABεabρA˙cWA˙B˙
+ 2iεabY
c
ABB˙
− 2εabYABρcB˙ + iεabρ
c
AUBB˙ − 2iεabρcBUAB˙
− 4εabρAdΦdcBB˙ − 2εab∇BB˙ρ
c
A − 2iεABXabρcB˙ + 2ρ
b
AΦ
ac
BB˙
(B.31)
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∇aAΛbB =
i
8
IεABε
ab +
3
2
εABε
ab∇CC˙UCC˙
+
3
2
iεABε
ab
(
Y CDWCD − Y C˙D˙WC˙D˙
)
− 6YABXab (B.32)
∇aAΛbB˙ = 3iεab
(
∇BB˙W BA +∇ A˙A YA˙B˙
)
− 3∇AB˙Xab − 6iUAB˙Xab (B.33)
∇B˙bWC˙D˙A˙a = εbaWC˙D˙A˙B˙ +
1
12
εba (εA˙C˙εB˙D˙ + εA˙D˙εB˙C˙)R− εB˙A˙∇CC˙ΦCbD˙a
+ iεbaεC˙A˙∇CD˙UCB˙ + 2εB˙A˙WC˙D˙E˙bρE˙a − 2εB˙A˙YC˙D˙EbρEa
+ εB˙A˙Φ
Ce
C˙b
ΦCeD˙a + 2εbaYC˙B˙WD˙A˙ + εbaεC˙B˙εD˙A˙W
CDYCD
+ εbaεC˙B˙εD˙A˙X
2 + εbaεC˙B˙εD˙A˙U
2 + 2iεD˙A˙YC˙B˙Xba
+ 2iεC˙B˙WD˙A˙Xba (B.34)
∇BbWC˙D˙A˙a = εab∇BA˙WC˙D˙ + εabεA˙C˙∇ B˙B WB˙D˙ − εabεA˙C˙∇CD˙YBC
+ iεA˙C˙∇BD˙Xab − 2εA˙C˙UBD˙Xab + iεabUBA˙WC˙D˙
+ 2iεabεA˙C˙U
B˙
B WB˙D˙ (B.35)
∇B˙bYCDA˙a = εbaPCDB˙A˙ + iεba∇CA˙UDB˙ − εB˙A˙∇ C˙C ΦDaC˙b
− 2εB˙A˙WCDEbρEa + 2εB˙A˙YCDE˙bρE˙a + εB˙A˙Φ C˙eCb ΦDaC˙e
+ εbaWCDWB˙A˙ + εbaYCDYB˙A˙ − εbaεB˙A˙W EC YED
− iεB˙A˙XabYCD + iεB˙A˙XabWCD + εbaUCA˙UDB˙ (B.36)
∇BbYCDA˙a = εbaεBC∇ C˙D WC˙A˙ − εba∇DA˙YBC + iεBC∇DA˙Xab
− iεbaYCDUBA˙ + 2iεbaYBCUDA˙ + 2εBCUDA˙Xba (B.37)
∇E˙eWA˙B˙C˙D˙ = −2iεE˙C˙∇ECYA˙B˙Ee − 4iYE˙C˙WA˙B˙D˙e − 8εE˙C˙X fe WA˙B˙D˙f
+ 3εE˙C˙YA˙B˙EeU
E
D˙
− 2iWA˙B˙E˙eYC˙D˙ (B.38)
∇AaWA˙B˙C˙D˙ = 2i∇AC˙WA˙B˙D˙a + UAC˙WA˙B˙D˙a + 4iWC˙D˙YA˙B˙Aa (B.39)
∇E˙ePCDB˙A˙ = 2i∇CE˙YA˙B˙De − i∇CA˙YE˙B˙De + iεE˙B˙∇CA˙W EDE e − 2iYCDE˙eYA˙B˙
− iYE˙A˙YCDB˙e + iεE˙A˙W EC YEDB˙e − 2iWCDWA˙B˙E˙e
− iεE˙A˙WCDW C˙B˙C˙ e − 5εE˙A˙X fe YCDB˙f − 2εE˙A˙WCDFeUFB˙
+ εE˙A˙UCB˙W
E
DE e +
1
2
UCB˙YE˙A˙De + 2UCE˙YA˙B˙De (B.40)
∇A˙aR = −i∇BB˙YA˙B˙Ba + 3i∇BA˙W CBC a + 10XabW B˙bA˙B˙ − 2iW B˙C˙B˙ aY C˙A˙
− 4iWC˙B˙A˙aY C˙B˙ − 3iWCBYCBA˙a +
9
2
UBB˙YA˙B˙Ba +
9
2
UB
A˙
W CBCa(B.41)
Using (B.36) and (B.37), one may compute ∇BB˙YA˙B˙Ba; replacing in (B.41), we get the
more convenient expression
∇A˙aR = 4i∇BA˙W CBC a + 12XabW B˙bA˙B˙ − 2iWCBYCBA˙a
− 6iWC˙B˙A˙aY C˙B˙ + 12UBB˙YA˙B˙Ba + 4UBA˙W CBC a (B.42)
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B.3 Torsions
T abm
AB˙
= −2iεabσm
AB˙
T abmAB , T
abm
A˙B˙
= 0
TA˙aBbCc, TAaB˙bC˙c = 0
TAaBbCc, TA˙aB˙bC˙c = 0
T amnA , T
amn
A˙
= 0
TAA˙BbCc = −
i
2
εbc (εABUCA˙ + εACUBA˙)
TAA˙B˙bC˙c =
i
2
εbc (εA˙B˙UAC˙ + εA˙C˙UAB˙)
TAA˙BbC˙c = −εbc (εABWA˙C˙ + εA˙C˙YAB)− iεABεA˙C˙Xbc
TAA˙B˙bCc = εbc (εACYA˙B˙ + εA˙B˙WAC) + iεACεA˙B˙Xbc
Tmnp = 0
TAA˙BB˙Cc = −εA˙B˙WABCc − εABYA˙B˙Cc
TAA˙BB˙C˙c = εABWA˙B˙C˙c + εA˙B˙YABC˙c (B.43)
B.4 Lorentz curvatures
RAaBbCD = −2iεABεabYCD + 2 (εACεBD + εADεBC)Xab
RAaBbC˙D˙ = −2iεABεabWC˙D˙
RA˙aB˙bCD = −2iεA˙B˙εabWCD
RA˙aB˙bC˙D˙ = −2iεA˙B˙εabYC˙D˙ + 2 (εA˙C˙εB˙D˙ + εA˙D˙εB˙C˙)Xab
RA˙aBbCD = εab (εBCUDA˙ + εBDUCA˙)
RA˙aBbC˙D˙ = −εab (εA˙C˙UBD˙ + εA˙D˙UBC˙)
RAA˙BbCD = −iεBCYADA˙b + iεABYCDA˙b +
i
2
(εACεBD + εADεBC)W
B˙
A˙B˙ b
RAA˙B˙bCD = iεACYA˙B˙Db + 2iεA˙B˙WACDb +
i
3
εA˙B˙εACW
B
D Bb
RAA˙BbC˙D˙ = iεA˙C˙YABD˙b + 2iεABWA˙C˙D˙b +
i
3
εABεA˙C˙W
B˙
D˙ B˙b
RAA˙B˙bC˙D˙ = −iεB˙C˙YA˙D˙Ab + iεA˙B˙YC˙D˙Ab +
i
2
(εA˙C˙εB˙D˙ + εA˙D˙εB˙C˙)W
B
AB b
RAA˙BB˙CD = εABPCDA˙B˙ +
1
12
εA˙B˙ (εACεBD + εADεBC)R + εA˙B˙WABCD
RAA˙BB˙C˙D˙ = εA˙B˙PABC˙D˙ +
1
12
εAB (εA˙C˙εB˙D˙ + εA˙D˙εB˙C˙)R + εABWA˙B˙C˙D˙ (B.44)
B.5 SU(2) curvatures
RAaBbcd = −2εAB (εbdXac − εadXbc)− 2i (εacεbd + εadεbc)YAB
RA˙aB˙bcd = −2εA˙B˙ (εbdXac − εadXbc)− 2i (εacεbd + εadεbc)YA˙B˙
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RAaB˙bcd = −2 (εacεbd + εadεbc)UAB˙
RAA˙Bbcd = 2iεbdYABA˙c − 2iεABεbdW B˙A˙B˙ c −
2
3
εABεbdΛA˙c
RAA˙B˙bcd = 2iεbdYA˙B˙Ac − 2iεA˙B˙εbdW BAB c −
2
3
εA˙B˙εbdΛAc
RAA˙BB˙cd = −2εA˙B˙
(
WABEcρ
E
d − YABE˙cρE˙d +
1
2
∇ E˙A ΦBE˙cd −
1
2
Φ E˙eA cΦBE˙de
)
+ 2εAB
(
WA˙B˙E˙cρ
E˙
d − YA˙B˙EcρEd −
1
2
∇E
A˙
ΦEB˙cd +
1
2
ΦE
A˙ce
Φ e
EB˙d
)
We see that all torsions and curvatures can be expressed in terms of the basic su-
perfieldsWAB, YAB, UAA˙, Xab, their complex conjugates and their covariant derivatives
(see section B.1). This is obvious except for RAA˙BB˙cd, which may be rewritten as
RAA˙BB˙cd = εA˙B˙
(
1
2
∇C˙cYABC˙d + iXcdYAB − iXcdWAB
)
+ εAB
(
1
2
∇CcYA˙B˙Cd + iXcdYA˙B˙ − iXcdWA˙B˙
)
(B.45)
C The lagrangian in components
C.1 Calculation of ∇C˙c∇B˙b∇A˙aW 2
In this section, we fully express the terms with two spinorial derivatives arising in
the calculation of (3.8) as functions of those with one spinorial derivative, previously
computed in appendix B. These terms are:
∇C˙c∇B˙bWA˙D˙ = 2i∇C˙cWA˙D˙B˙b −
2
3
εB˙A˙∇C˙cΛD˙b (C.1)
∇C˙c∇B˙bWD˙E˙A˙a = −εab∇C˙cWD˙E˙A˙B˙ − 2εab
(
∇C˙cYB˙D˙
)
WE˙A˙ − 2εabYB˙D˙∇C˙cWE˙A˙
+ 2εB˙A˙
(
∇C˙cWD˙E˙F˙ a
)
ρF˙b − 2εB˙A˙WD˙E˙F˙ a∇C˙cρF˙b
− 2εB˙A˙
(
∇C˙cYD˙E˙Ea
)
ρEb + 2εB˙A˙YD˙E˙Ea∇C˙cρEb − εB˙A˙∇C˙c∇ED˙ΦEE˙ab
+ 2εB˙A˙Φ
E e
D˙ a
∇C˙cΦEE˙eb − 2iεB˙D˙ (∇C˙cXab)WE˙A˙
− 2iεB˙D˙Xab∇C˙cWE˙A˙ +
1
6
εabεE˙A˙εB˙D˙∇C˙cR
− iεabεE˙A˙∇C˙c∇ED˙UEB˙ + εabεE˙A˙εB˙D˙UF F˙∇C˙cUF F˙
+ 2iεE˙A˙
(
∇C˙cYB˙D˙
)
Xab + 2iεE˙A˙YB˙D˙∇C˙cXab
+ εabεE˙A˙εB˙D˙W
AB∇C˙cYAB + 2εabεE˙A˙εB˙D˙Xde∇C˙cXde (C.2)
∇C˙c∇B˙bΛA˙a =
i
8
εabεB˙A˙∇C˙cI −
3
2
εabεB˙A˙∇C˙c∇F F˙UF F˙ −
3
2
iεabεB˙A˙W
AB∇C˙cYAB
+
3
2
iεabεB˙A˙W
E˙F˙∇C˙cYE˙F˙ +
3
2
iεabεB˙A˙Y
E˙F˙∇C˙cWE˙F˙ + 6Xab∇C˙cYB˙A˙
+ 6YB˙A˙∇C˙cXab (C.3)
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For (C.3) we need ∇C˙cI, which we compute here.
∇C˙cI = 4∇C˙cR− 48Xab∇C˙cXab − 12WAB∇C˙cYAB − 12W A˙B˙∇C˙cYA˙B˙
− 12Y A˙B˙∇C˙cWA˙B˙ − 24UF F˙∇C˙cUF F˙ + 3P∇C˙cP + 3HF F˙∇C˙cHF F˙
− 24ΦF F˙ab ∇C˙cΦabF F˙ − 6∇C˙c∇F F˙HF F˙ − 16i
(
∇C˙cρAa
)
ΛAa + 16iρ
Aa∇C˙cΛAa
+ 16i
(
∇C˙cρA˙a
)
ΛA˙a − 16iρA˙a∇C˙cΛA˙a + 48
(
∇C˙cρAa
)
W BAB a
− 48ρAa∇C˙cW BAB a − 48
(
∇C˙cρA˙a
)
W B˙
A˙B˙ a
+ 48ρA˙a∇C˙cW B˙A˙B˙ a
− 96iWABρAa∇C˙cρaB − 96iW A˙B˙ρA˙a∇C˙cρaB˙ + 48iρA˙aρaB˙∇C˙cW A˙B˙
− 48UAA˙ (∇C˙cρAa) ρaA˙ + 48UAA˙ρAa∇C˙cρaA˙ − 48ρAaρaA˙∇C˙cUAA˙
+ 48i (∇C˙cρAa)∇AA˙ρaA˙ − 48iρAa∇C˙c∇AA˙ρaA˙ − 48i (∇C˙cρA˙a)∇AA˙ρaA
+ 48iρA˙a∇C˙c∇AA˙ρaA + 96iΦabAA˙ρA˙b ∇C˙cρAa + 96iΦabAA˙ρAb ∇C˙cρA˙a
+ 96iρAa ρ
A˙
b ∇C˙cΦabAA˙ (C.4)
Terms involving combinations of vector and spinor covariant derivatives may be writ-
ten as vector derivatives of the relations listed in appendix B using the commutation
relations.
C.2 Calculation of ∇D˙d∇C˙c∇B˙b∇A˙aW 2
In this section, we fully express the terms with two and three spinorial derivatives
arising in the calculation of (3.9) as functions of those with one spinorial derivative,
previously computed in appendix B. These terms are:
∇D˙d∇C˙c∇B˙bWE˙F˙ = 2i∇D˙d∇C˙cWE˙F˙ B˙b −
2
3
εB˙E˙∇D˙d∇C˙cΛF˙ b (C.5)
∇D˙d∇C˙c∇B˙bWE˙F˙ A˙a = −εab∇D˙d∇C˙cWE˙F˙ A˙B˙ − 2εab
(
∇D˙d∇C˙cYB˙E˙
)
WF˙ A˙
+ 2εab
(
∇C˙cYB˙E˙
)
∇D˙dWF˙ A˙ − 2εab
(
∇D˙dYB˙E˙
)
∇C˙cWF˙ A˙
− 2εabYB˙E˙∇D˙d∇C˙cWF˙ A˙ + 2εB˙A˙
(
∇D˙d∇C˙cWE˙F˙ G˙a
)
ρG˙b
+ 2εB˙A˙
(
∇C˙cWE˙F˙ G˙a
)
∇D˙dρG˙b − 2εB˙A˙
(
∇D˙dWE˙F˙ G˙a
)
∇C˙cρG˙b
+ 2εB˙A˙WE˙F˙ G˙a∇D˙d∇C˙cρG˙b − 2εB˙A˙
(
∇D˙d∇C˙cYE˙F˙Ea
)
ρEb
− 2εB˙A˙
(
∇C˙cYE˙F˙Ea
)
∇D˙dρEb + 2εB˙A˙
(
∇D˙dYE˙F˙Ea
)
∇C˙cρEb
− 2εB˙A˙YE˙F˙Ea∇D˙d∇C˙cρEb − εB˙A˙∇D˙d∇C˙c∇EE˙ΦEF˙ab
+ 2εB˙A˙Φ
E e
E˙ a
∇D˙d∇C˙cΦEF˙eb − 2εB˙A˙
(
∇C˙cΦE eE˙ a
)
∇D˙dΦEF˙eb
− iεabεE˙A˙∇D˙d∇C˙c∇EF˙UEB˙ + εabεE˙A˙εB˙F˙
(
∇D˙dUGG˙
)
∇C˙cUGG˙
+ εabεE˙A˙εB˙F˙U
GG˙∇D˙d∇C˙cUGG˙ − 2iεB˙E˙ (∇D˙d∇C˙cXab)WF˙ A˙
+ 2iεB˙E˙ (∇C˙cXab)∇D˙dWF˙ A˙ − 2iεB˙E˙ (∇D˙dXab)∇C˙cWF˙ A˙
− 2iεB˙E˙Xab∇D˙d∇C˙cWF˙ A˙ − 2iεA˙E˙ (∇D˙d∇C˙cXab)YF˙ B˙
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+ 2iεA˙E˙ (∇C˙cXab)∇D˙dYF˙ B˙ − 2iεA˙E˙ (∇D˙dXab)∇C˙cYF˙ B˙
− 2iεA˙E˙Xab∇D˙d∇C˙cYF˙ B˙ + εabεE˙A˙εB˙F˙WAB∇D˙d∇C˙cYAB
+ 2εabεE˙A˙εB˙F˙
(
∇D˙dXef
)
∇C˙cXef + 2εabεE˙A˙εB˙F˙Xef∇D˙d∇C˙cXef
+
1
6
εabεE˙A˙εB˙F˙∇D˙d∇C˙cR (C.6)
∇D˙d∇C˙c∇B˙bΛA˙a = −
3
2
εabεB˙A˙∇D˙d∇C˙c∇F F˙UF F˙ −
3
2
iεabεB˙A˙W
AB∇D˙d∇C˙cYAB
+
3
2
iεabεB˙A˙
(
∇D˙dW E˙F˙
)
∇C˙cYE˙F˙ +
3
2
iεabεB˙A˙W
E˙F˙∇D˙d∇C˙cYE˙F˙
+
3
2
iεabεB˙A˙
(
∇D˙dY E˙F˙
)
∇C˙cWE˙F˙ +
3
2
iεabεB˙A˙Y
E˙F˙∇D˙d∇C˙cWE˙F˙
+ 6 (∇D˙dXab)∇C˙cYB˙A˙ + 6Xab∇D˙d∇C˙cYB˙A˙ + 6YB˙A˙∇D˙d∇C˙cXab
+ 6 (∇D˙dYB˙A˙)∇C˙cXab +
i
8
εabεB˙A˙∇D˙d∇C˙cI (C.7)
These results require knowing second spinorial derivatives of superfields, some of
which we have computed in section C.1, but others we have not computed yet. We
present those here:
∇D˙d∇C˙cWE˙F˙ A˙B˙ = −4i
(
∇D˙dYB˙A˙
)
WB˙E˙F˙ c − 4iYB˙A˙∇D˙dWB˙E˙F˙ c
− 8εC˙F˙ (∇D˙dX ec )WA˙B˙E˙e − 8εC˙F˙X ec ∇D˙dWA˙B˙E˙e
− 2i
(
∇D˙dYA˙B˙
)
WE˙F˙ C˙c − 2iYA˙B˙∇D˙dWE˙F˙ C˙c − 2iεC˙F˙∇D˙d∇EE˙YA˙B˙Ec
+ 3εC˙F˙
(
∇D˙dUEE˙
)
YA˙B˙Ec + 3εC˙F˙U
E
E˙
∇D˙dYA˙B˙Ec (C.8)
∇D˙d∇C˙cρB˙b = −εC˙B˙∇D˙dXcb − iεcb∇D˙dYB˙C˙ + 2ρB˙c∇D˙dρC˙b − 2ρC˙b∇D˙dρB˙c (C.9)
∇D˙d∇C˙cρBb =
i
4
εcb∇D˙dHBC˙ − εcb∇D˙dUBC˙ + i∇D˙dΦBC˙cb + 2ρBc∇D˙dρC˙b
− 2ρC˙b∇D˙dρBc (C.10)
∇D˙d∇C˙cYA˙B˙Aa = εac∇D˙d∇AA˙YC˙B˙ + 2iεac
(
∇D˙dUAA˙
)
YC˙B˙ + 2iεacUAA˙∇D˙dYC˙B˙
− iεac (∇D˙dUAC˙)YA˙B˙ − iεacUAC˙∇D˙dYA˙B˙ − εacεC˙B˙∇D˙d∇BA˙WAB
+ iεC˙B˙∇D˙d∇AA˙Xac − 2εC˙B˙
(
∇D˙dUAA˙
)
Xac
− 2εC˙B˙UAA˙∇D˙dXac (C.11)
∇D˙d∇C˙cΦBB˙ba = 2iεbcεB˙C˙∇D˙dW ABA a +
2
3
εbcεB˙C˙∇D˙dΛBa + 2εbcεB˙C˙
(
∇D˙dρAa
)
WAB
− 2iεbc∇D˙dYB˙C˙Ba + 2εcb
(
∇D˙dρBa
)
YB˙C˙ − 2εcbρBa∇D˙dYB˙C˙
− iεcb
(
∇D˙dρC˙a
)
UBB˙ + iεcbρC˙a∇D˙dUBB˙ + 2iεcb
(
∇D˙dρB˙a
)
UBC˙
− 2iεcbρB˙a∇D˙dUBC˙ + 4εcb
(
∇D˙dρeC˙
)
ΦBB˙ea − 4εcbρeC˙∇D˙dΦBB˙ea
− 2εcb∇D˙d∇BB˙ρC˙a − 2iεB˙C˙
(
∇D˙dρBb
)
Xca + 2iεB˙C˙ρBb∇D˙dXca
+ 2
(
∇D˙dρC˙b
)
ΦBB˙ca − 2ρC˙b∇D˙dΦBB˙ca (C.12)
∇D˙d∇C˙cUBB˙ = −∇D˙dYB˙C˙Bc − εB˙C˙∇D˙dW AAB c +
2
3
iεB˙C˙∇D˙dΛBc (C.13)
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∇D˙d∇C˙cR = 4i∇D˙d∇BC˙W ABA c + 12 (∇D˙dXcb)W B˙bC˙B˙ + 12Xcb∇D˙dW B˙bC˙B˙
− 2iWCB∇D˙dYCBC˙c − 6i (∇D˙dWA˙B˙C˙c)Y A˙B˙ + 6iWA˙B˙C˙c∇D˙dY A˙B˙
+ 12
(
∇D˙dUBB˙
)
YC˙B˙Bc + 12U
BB˙∇D˙dYC˙B˙Bc + 4
(
∇D˙dUBC˙
)
W CBC c
+ 4UB
C˙
∇D˙dW CBC c
∇D˙d∇C˙cI = 4∇D˙d∇C˙cR− 48
(
∇D˙dXab
)
∇C˙cXab − 48Xab∇D˙d∇C˙cXab
− 12WAB∇D˙d∇C˙cYAB − 12
(
∇D˙dW A˙B˙
)
∇C˙cYA˙B˙
− 12W A˙B˙∇D˙d∇C˙cYA˙B˙ − 12
(
∇D˙dY A˙B˙
)
∇C˙cWA˙B˙
− 12Y A˙B˙∇D˙d∇C˙cWA˙B˙ − 24
(
∇D˙dUF F˙
)
∇C˙cUF F˙
− 24UF F˙∇D˙d∇C˙cUF F˙ + 3P∇D˙d∇C˙cP + 3
(
∇D˙dHF F˙
)
∇C˙cHF F˙
+ 3HF F˙∇D˙d∇C˙cHF F˙ − 24
(
∇D˙dΦF F˙ab
)
∇C˙cΦabF F˙
− 24ΦF F˙ab ∇D˙d∇C˙cΦabF F˙ − 6∇D˙d∇C˙c∇F F˙HF F˙
− 16i
(
∇D˙d∇C˙cρAa
)
ΛAa − 16i
(
∇C˙cρAa
)
∇D˙dΛAa
+ 16i
(
∇D˙dρAa
)
∇C˙cΛAa − 16iρAa∇D˙d∇C˙cΛAa
+ 16i
(
∇D˙d∇C˙cρA˙a
)
ΛA˙a + 16i
(
∇C˙cρA˙a
)
∇D˙dΛA˙a
− 16i
(
∇D˙dρA˙a
)
∇C˙cΛA˙a + 16iρA˙a∇D˙d∇C˙cΛA˙a
+ 48
(
∇D˙d∇C˙cρAa
)
W BAB a + 48
(
∇C˙cρAa
)
∇D˙dW BAB a
− 48
(
∇D˙dρAa
)
∇C˙cW BAB a + 48ρAa∇D˙d∇C˙cW BAB a
− 48
(
∇D˙d∇C˙cρA˙a
)
W B˙
A˙B˙ a
− 48
(
∇C˙cρA˙a
)
∇D˙dW B˙A˙B˙ a
+ 48
(
∇D˙dρA˙a
)
∇C˙cW B˙A˙B˙ a − 48ρA˙a∇D˙d∇C˙cW B˙A˙B˙ a
− 96iWAB (∇D˙dρAa)∇C˙cρaB + 96iWABρAa∇D˙d∇C˙cρaB
− 96i
(
∇D˙dW A˙B˙
)
ρA˙a∇C˙cρaB˙ − 96iW A˙B˙ (∇D˙dρA˙a)∇C˙cρaB˙
+ 96iW A˙B˙ρA˙a∇D˙d∇C˙cρaB˙ − 96iρA˙a
(
∇D˙dρaB˙
)
∇C˙cW A˙B˙
+ 48iρA˙aρ
a
B˙
∇D˙d∇C˙cW A˙B˙ − 48 (∇D˙d∇C˙cρAa) ρaA˙UAA˙
− 48UAA˙ (∇C˙cρAa)∇D˙dρaA˙ + 48 (∇C˙cρAa) ρaA˙∇D˙dUAA˙
+ 48
(
∇D˙dUAA˙
)
ρAa∇C˙cρaA˙ + 48UAA˙ (∇D˙dρAa)∇C˙cρaA˙
− 48UAA˙ρAa∇D˙d∇C˙cρaA˙ − 48 (∇D˙dρAa) ρaA˙∇C˙cUAA˙
+ 48ρAa
(
∇D˙dρaA˙
)
∇C˙cUAA˙ − 48ρAaρaA˙∇D˙d∇C˙cUAA˙
+ 48i (∇D˙d∇C˙cρAa)∇AA˙ρaA˙ + 48i (∇C˙cρAa)∇D˙d∇AA˙ρaA˙
− 48i (∇D˙dρAa)∇C˙c∇AA˙ρaA˙ + 48iρAa∇D˙d∇C˙c∇AA˙ρaA˙
− 48i (∇D˙d∇C˙cρA˙a)∇AA˙ρaA − 48i (∇C˙cρA˙a)∇D˙d∇AA˙ρaA
+ 48i (∇D˙dρA˙a)∇C˙c∇AA˙ρaA − 48iρA˙a∇D˙d∇C˙c∇AA˙ρaA
24
+ 96i
(
∇D˙dΦabAA˙
)
ρA˙b ∇C˙cρAa + 96iΦabAA˙
(
∇D˙dρA˙b
)
∇C˙cρAa
− 96iΦab
AA˙
ρA˙b ∇D˙d∇C˙cρAa + 96i
(
∇D˙dΦabAA˙
)
ρAb ∇C˙cρA˙a
+ 96iΦab
AA˙
(
∇D˙dρAb
)
∇C˙cρA˙a − 96iΦabAA˙ρAb ∇D˙d∇C˙cρA˙a
+ 96i
(
∇D˙dρAa
)
ρA˙b ∇C˙cΦabAA˙ − 96iρAa
(
∇D˙dρA˙b
)
∇C˙cΦabAA˙
+ 96iρAa ρ
A˙
b ∇D˙d∇C˙cΦabAA˙ (C.14)
Because of the ∇D˙d∇C˙cI term in ∇D˙d∇C˙c∇B˙bΛA˙a, we will also need the following
terms:
∇D˙d∇C˙cP = −8i∇D˙dW B˙C˙B˙ c −
4
3
∇D˙dΛC˙c + 8
(
∇D˙dρB˙c
)
WC˙B˙ − 8ρB˙c ∇D˙dWC˙B˙
+ 2
(
∇D˙dP
)
ρC˙c + 2P∇D˙dρC˙c + 2
(
∇D˙dρCc
)
HCC˙ − 2ρCc ∇D˙dHCC˙
+ 4i
(
∇D˙dρCc
)
UCC˙ − 4iρCc ∇D˙dUCC˙ − 8∇D˙d∇CC˙ρCc
+ 8 (∇D˙dΦCC˙cb) ρCb + 8ΦCC˙cb∇D˙dρCb (C.15)
∇D˙d∇C˙cHBB˙ = 8iεC˙B˙∇D˙dW AAB c +
4
3
εC˙B˙∇D˙dΛBc + 4εC˙B˙WBC∇D˙dρCc
− 4iεC˙B˙Xbc∇D˙dρbB + 4iεC˙B˙ρbB∇D˙dXbc − 2εC˙B˙P∇D˙dρBc
− 2εC˙B˙HBA˙∇D˙dρA˙c + 2εC˙B˙ρA˙c ∇D˙dHBA˙ − 4YC˙B˙∇D˙dρBc
+ 4ρBc∇D˙dYC˙B˙ − 2iUBB˙∇D˙dρC˙c + 2iρC˙c∇D˙dUBB˙
+ 8ΦBB˙bc∇D˙dρbC˙ − 8ρbC˙∇D˙dΦBB˙bc − 4∇D˙d∇BB˙ρC˙c
+ 8∇D˙d∇BC˙ρB˙c + 8ρbB˙∇D˙dΦBC˙bc − 8ΦBC˙bc∇D˙dρbB˙ (C.16)
∇D˙d∇C˙cΛBb = 3iεcb∇D˙d∇BB˙W B˙C˙ + 3iεcb∇D˙d∇AC˙YAB − 3∇D˙d∇BC˙Xcb
+ 6i (∇D˙dUBC˙)Xcb + 6iUBC˙∇D˙dXcb (C.17)
∇D˙d∇C˙cWABCc = −εcb∇D˙d∇AC˙WBC + 2iεcb
(
∇D˙dUAC˙
)
WBC − εcbεBC∇D˙d∇ B˙A YB˙C˙
− iεBC∇D˙d∇AC˙Xcb − iεcb (∇D˙dUCC˙)WAB − 2εBC
(
∇D˙dUAC˙
)
Xcb
− 2εBCUAC˙∇D˙dXcb (C.18)
∇D˙d∇C˙cYAB = 2i∇D˙dYABC˙c (C.19)
∇D˙d∇C˙cYA˙B˙ =
2
3
εC˙B˙∇D˙dΛA˙c (C.20)
∇D˙d∇C˙cXab = −
2
3
iεca∇D˙dΛC˙b (C.21)
All other differential relations we will need involve combinations of vector and spinor
covariant derivatives. Terms containing these expressions are very important for our
analysis, since a lot of the derivatives we are looking for come from them. They may be
written, using the commutation relations, as vector derivatives of the relations we have
seen plus torsion and curvature terms. Some of the torsion terms require differential
relations involving undotted and dotted spinorial derivatives which we compute now:
∇aA∇cC˙ρbB˙ = −
i
4
εC˙B˙ε
cb∇aAP − εC˙B˙∇aAXcb − iεcb∇aAYC˙B˙ + 2ρcB˙∇aAρbC˙
− 2ρb
C˙
∇aAρcB˙ (C.22)
25
∇aA∇cC˙ρbB =
i
4
εcb∇aAHBC˙ − εcb∇aAUBC˙ + i∇aAΦbcBC˙ + 2ρcB∇aAρbC˙
− 2ρb
C˙
∇aAρcB (C.23)
∇dD∇cC˙HBB˙ = 8iεC˙B˙∇dDW CcBC +
4
3
εC˙B˙∇dDΛcB + 4εC˙B˙WBC∇dDρCc
− 4εC˙B˙ρCc∇dDWBC + 4iεC˙B˙Xcb∇dDρCb − 4iεC˙B˙ρCb ∇dDXcb
− 2εC˙B˙ρcB∇dDP − 2εC˙B˙P∇dDρcB − 2εC˙B˙HBA˙∇dDρA˙c
+ 2εC˙B˙ρ
A˙c∇dDHBA˙ − 4YC˙B˙∇dDρcB + 4ρcB∇dDYC˙B˙ − 2iUBB˙∇dDρcC˙
+ 2iρc
C˙
∇dDUBB˙ − 8ΦbcBB˙∇dDρC˙b + 8ρC˙b∇dDΦbcBB˙ + 8ΦbcBC˙∇dDρB˙b
− 8ρB˙b∇dDΦbcBC˙ − 4∇dD∇BB˙ρcC˙ + 8∇dD∇BC˙ρcB˙ (C.24)
∇Dd∇C˙cUBB˙ = −∇DdYC˙B˙Bc + εC˙B˙∇DdW CBC c −
2
3
iεC˙B˙∇DdΛBc (C.25)
∇dD∇cC˙ΦabBB˙ = 2iεC˙B˙εcb∇dDW CaBC +
2
3
εC˙B˙ε
cb∇dDΛaB + 2εC˙B˙εcbWBC∇dDρCa
− 2εC˙B˙εcbρCa∇dDWBC + 2iεcb∇dDY aC˙B˙B + 2εcbYC˙B˙∇dDρ
a
B
− 2εcbρaB∇dDYC˙B˙ − iεcbUBB˙∇dDρaC˙ + iεcbρ
a
C˙
∇dDUBB˙ + 2iεcbUBC˙∇dDρaB˙
− 2iεcbρa
B˙
∇dDUBC˙ + 2iεC˙B˙Xcb∇dDρaB − 2iεC˙B˙ρaB∇dDXcb + 2ΦbcBB˙∇dDρ
a
C˙
− 2ρa
C˙
∇dDΦbcBB˙ − 4εcbΦ
ae
BB˙
∇dDρC˙e + 4εcbρC˙e∇dDΦaeBB˙ − 2εcb∇dD∇BB˙ρ
a
C˙
(C.26)
All these expressions should be enough for the direct computation of (3.9).
D Calculation of the derivative terms
In this appendix, we compute the terms arising in the calculation of∇C˙c∇B˙b∇A˙aW 2
and ∇D˙d∇C˙c∇B˙b∇A˙aW 2 which contain vector derivatives of the auxiliary fields P,Hm
(excluding ∇mHm, as justified on the text). For each expression, we indicate its content
in terms of the derivatives of interest. The derivatives of some of these expressions will
also be necessary; for those expressions, we give their field content in terms of P,Hm.
Through all this appendix, we will be only interested in the derivatives we mentioned
and, therefore, we will only consider here expressions which contain them. Those
expressions we do not consider here simply do not contain such derivatives, as it can
be verified using their expansions in appendix C.
D.1 Calculation of the derivative terms in ∇C˙c∇B˙b∇A˙aW 2
From (3.8), the following expressions are necessary:
∇c
C˙
∇b
B˙
WD˙E˙ =
i
4
εbcεD˙B˙εE˙C˙
(
PP +H2 − 2∇AA˙HAA˙
)
+ · · · (D.27)
∇c
C˙
∇b
B˙
W a
D˙E˙A˙
= − i
2
εB˙A˙ε
acPW
b
D˙E˙C˙
+
i
2
εB˙A˙ε
acHEC˙Y
Eb
D˙E˙
+ · · · (D.28)
∇b
B˙
∇AA˙ρcC˙ = −
i
4
εbcεB˙C˙∇AA˙P +
i
4
εbcYA˙B˙HAC˙ +
i
4
εbcεA˙B˙W
D
A HDC˙
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− 1
4
εA˙C˙ε
bcPUAB˙ +
1
8
εbcεB˙C˙PUAA˙ −
1
4
εA˙B˙X
bcHAC˙ + · · · (D.29)
∇c
C˙
∇AA˙ρAa =
i
4
εca∇AA˙HAC˙ −
i
2
εcaPYA˙C˙ +
1
2
εA˙C˙PX
ca
− 1
8
εcaUAA˙H
A
C˙
+
1
4
εcaUAC˙H
A
A˙
+ · · · (D.30)
∇AA˙∇bB˙HCC˙ = 2εC˙B˙ρbC∇AA˙P + 2εC˙B˙P∇AA˙ρbC + 2εC˙B˙ρD˙b∇AA˙HCD˙
+ 2εC˙B˙HCD˙∇AA˙ρD˙b + · · · (D.31)
D.2 Calculation of the derivative terms in ∇D˙d∇C˙c∇B˙b∇A˙aW 2
In order to compute the derivatives in (3.9), besides the previous expressions we
also need
∇d
D˙
∇c
C˙
P = −2iεdc∇CC˙HCD˙ + · · · (D.32)
∇d
D˙
∇c
C˙
HBB˙ = 2iε
dcεB˙C˙∇BD˙P − 2εB˙C˙XcdHBD˙ − iεD˙C˙εdcW CB HCB˙
− iεD˙C˙εdcY A˙B˙ HBA˙ + 4iεdcHBB˙YC˙D˙ + · · · (D.33)
∇dD∇cC˙HBB˙ = −iεdcεC˙B˙εDB∇AA˙HAA˙ + iεdc∇BB˙HDC˙ − 2iεdc∇BC˙HDB˙
+ · · · (D.34)
∇d
D˙
∇AA˙∇cC˙HBB˙ = iεC˙B˙εABεdcYA˙D˙∇EE˙HEE˙ − iεdcYA˙D˙∇BB˙HAC˙
+ 2iεdcYA˙D˙∇BC˙HAB˙ + iεC˙B˙εA˙D˙εdcWAB∇EE˙HEE˙
− iεA˙D˙εdcW CA ∇BB˙HCC˙ + 2iεA˙D˙εdcW CA ∇BC˙HCB˙
− εC˙B˙εA˙D˙εABXdc∇EE˙HEE˙ + εA˙D˙Xdc∇BB˙HAC˙
− 2εA˙D˙Xdc∇BC˙HAB˙ − εB˙C˙εdcUAA˙∇BD˙P − εC˙A˙εdcUAD˙∇BB˙P
+ 2εB˙A˙ε
dcUAD˙∇BC˙P + 2iεB˙C˙εdc∇AA˙∇BD˙P
− iεD˙C˙εdcW CB ∇AA˙HCB˙ − 2εB˙C˙Xdc∇AA˙HBD˙
− iεD˙C˙εdcY E˙B˙ ∇AA˙HBE˙ + 4iεdcYC˙D˙∇AA˙HBB˙ + · · · (D.35)
∇d
D˙
∇c
C˙
∇AA˙HBB˙ = ∇dD˙∇AA˙∇cC˙HBB˙ − iεD˙B˙εABεdcYA˙C˙∇EE˙HEE˙ + iεdcYA˙C˙∇BB˙HAD˙
− 2iεdcYA˙C˙∇AB˙HBD˙ − iεdcεD˙B˙εA˙C˙WAB∇EE˙HEE˙
+ iεdcεA˙C˙W
C
A ∇BB˙HCD˙ − 2iεdcεA˙C˙W CA ∇CB˙HBD˙
− εABεD˙B˙εA˙C˙Xdc∇EE˙HEE˙
+ εA˙C˙X
dc∇BB˙HAD˙ − 2εA˙C˙Xdc∇AB˙HBD˙
− εdcεB˙C˙UAA˙∇BD˙P + 2εdcεB˙D˙UAC˙∇BA˙P + · · · (D.36)
Remarkably, when we contract the A,B and A˙, B˙ indices, lots of terms in the previous
equations cancel by themselves. Ignoring the ∇EE˙HEE˙ parts, in which we are not
interested, we are simply left with
∇d
D˙
∇c
C˙
∇AA˙HAA˙ = 4εdcUAC˙∇AD˙P + · · · (D.37)
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We also need more derivatives of ρb
B˙
:
∇aA∇cC˙ρbB˙ = −
i
2
εcbεC˙B˙ρ
a
AP −
i
2
εcbHAB˙ρC˙a −
i
2
εC˙B˙ε
abHAA˙ρ
A˙c
− i
2
εC˙B˙ε
cbHAA˙ρ
A˙a + · · · (D.38)
∇d
D˙
∇c
C˙
∇AA˙ρbB˙ = −
i
2
εdbεD˙C˙ρ
c
B˙
∇AA˙P +
i
2
εdcεD˙B˙ρ
b
C˙
∇AA˙P + · · · (D.39)
∇d
D˙
∇c
C˙
∇AA˙ρbB = −iεcbεD˙C˙ρcB∇AA˙P −
i
2
εcbεD˙C˙ρ
B˙d∇AA˙HBB˙
− i
2
εdcρb
C˙
∇AA˙HBD˙ + · · · (D.40)
With respect to derivatives of Φab
AB˙
, we need:
∇d
D˙
∇c
C˙
Φab
BB˙
=
i
2
εC˙B˙ε
caεdbW AB HAD˙ +
i
2
εD˙B˙ε
caεdbW AB HAC˙ +
i
2
εcaεdbYB˙C˙HBD˙
− i
2
εcaεdbYB˙D˙HBC˙ −
1
2
εC˙B˙ε
dbXcaHBD˙ −
1
2
εD˙B˙ε
cbXdaHBC˙
− iεcaεD˙C˙ΦdbBB˙P −
i
2
εdaεD˙C˙Φ
cb
BB˙
P +
i
2
εcaεdbεD˙C˙∇BB˙P + · · ·(D.41)
∇dD∇cC˙ΦabBB˙ =
i
2
εcaεdb∇BB˙HDC˙ + · · · (D.42)
∇d
D˙
∇c
C˙
∇AA˙ΦabBB˙ =
i
2
εcaεdbεD˙C˙∇AA˙∇BB˙P
− iεcaεD˙C˙ΦdbBB˙∇AA˙P −
i
2
εdaεD˙C˙Φ
cb
BB˙
∇AA˙P
− i
2
εC˙B˙ε
caεdbW DB ∇AA˙HDD˙ +
i
2
εD˙B˙ε
caεdbW DB ∇AA˙HDC˙
− i
2
εC˙A˙ε
caεdbW DA ∇BB˙HDD˙ +
i
2
εD˙A˙ε
caεdbW DA ∇BB˙HDC˙
+
i
2
εcaεdbYB˙C˙∇AA˙HBD˙ −
i
2
εcaεdbYB˙D˙∇AA˙HBC˙
− i
2
εcaεdbYA˙C˙∇BB˙HAD˙ +
i
2
εcaεdbYA˙D˙∇BB˙HAC˙
− 1
2
εC˙B˙ε
dbXca∇AA˙HBD˙ −
1
2
εD˙B˙ε
cbXda∇AA˙HBC˙
− 1
2
εC˙A˙ε
dbXca∇BB˙HAD˙ +
1
2
εD˙A˙ε
cbXda∇BB˙HAC˙ + · · · (D.43)
We did not include in (D.41) and (D.43) those terms with a UAA˙∇BB˙P factor, simply
because these terms exist in partial calculations, but overall they cancel. The term
with ∇AA˙∇BB˙P does not cancel in (D.43), but this expression appears in (C.6) as
∇d
D˙
∇c
C˙
∇B
A˙
Φab
BB˙
. Therefore, this term appears as ∇B
A˙
∇BB˙P , a commutator that does
not have vector derivatives.
Replacing all the appropriate expressions in (C.14), with suitable contraction or
symmetrization of the adequate indices, and adding all terms, we are led to the sur-
prising and exciting result that ∇D˙d∇C˙cI, like ∇C˙cI, also has no derivatives of P,HAA˙
other than ∇AA˙HAA˙. We analyze the other terms from (3.9) in the main text.
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